1. Introduction
===============

The Earth\'s outer radiation belt consists of relativistic electrons trapped in the Earth\'s geomagnetic field. In situ observations have shown that the flux of these electrons is highly variable \[[@b3]; [@b27]; [@b1]; [@b20]\]. There is currently no model which can simulate the behavior of the outer radiation belt during every storm. However, one critical component of any radiation belt model is ULF wave-driven radial diffusion \[[@b16]; [@b46]; [@b17]\]. Several different approaches have been used to derive the ULF wave radial diffusion coefficients.

[@b4] separated the ULF wave radial diffusion coefficients into electrostatic and electromagnetic components. An expression for the analytic diffusion coefficient, as a function of *Kp* corresponding to the electrostatic wave fluctuations was obtained by assuming that the electric field wave spectrum can be modeled as a substorm convection electric field characterized by a rapid rise time and an exponential decay \[[@b12]; see also [@b4]\]. [@b4] also derived expressions for the electromagnetic diffusion coefficients, again as a function of *Kp*, based on in situ compressional magnetic field power spectral density (PSD) measurements and ground magnetometer magnetic field PSD measurements mapped to the equatorial plane, binned by *Kp*. The limitations of the approach used in [@b4] are that the expressions for the electromagnetic diffusion coefficients as a function of *Kp* are only based on a small number of ULF wave magnetic field PSD measurements: 18 days of ground magnetometer measurements at *L* = 4 and 1 month of in situ measurements at *L* = 6.6. It is unlikely this short time interval of measurements at only two L shells is sufficient to accurately characterize the average magnetic field PSD as a function of *Kp* and L shell, yet this was used to derive the analytic expressions for the electromagnetic diffusion coefficients in [@b4]. In addition, the method used to map the ground PSD values to the compressional magnetic field PSD values in space in the magnetic equatorial plane also assumes that the PSD values are azimuthally symmetric and correspond to symmetric perturbations of the Earth\'s main field with an effective dimensionless azimuthal wave number of *m* = 0 \[[@b26]\]. In reality, the measured magnetic field PSD values may be composed of a spectrum of wave perturbation solutions rather than perturbations to the main field, each with a different azimuthal wave number, *m*, \[see, e.g., [@b45]; [@b52]\]. Despite these limitations, the analytic expression for the electromagnetic diffusion equation presented in [@b4] is currently used in most radiation belt models, such as Versatile Electron Radiation Belt \[[@b50]\], SALAMMBO \[e.g., [@b2]; [@b55]\], and Dynamic Radiation Environment Assimilation Model (DREAM) \[[@b25]\]. Additionally, inclusion of the electrostatic along with the electromagnetic diffusion coefficient from [@b4] in these models produces electron flux results on low L shell much greater than the measured electron flux, and an intense inner zone, which unphysically large losses would be required to remove \[see, e.g., [@b23]; see also [@b39]\]. Consequently, due to the unphysical nature of the results, the [@b4] electrostatic diffusion coefficient is usually excluded from radial diffusion simulations of the radiation belts, with only the electromagnetic diffusion being active in the radial transport \[cf. [@b47]\]. This suggests that the [@b4] radial diffusion coefficients might be in need of revision, and in this paper we extend the work of [@b38] and present analytic expressions for new diffusion coefficients which are derived on the basis of ULF wave observations.

[@b6] showed that the ULF wave-driven radial diffusion coefficients can be separated into terms due to the azimuthal electric field and the compressional magnetic field of the waves \[see also [@b17]\]. This approach allows the diffusion coefficients to be obtained directly from measurements of the waves electric and magnetic field PSD values taking into account the azimuthal wave number, *m*, of the waves. In [@b5], CRRES measurements of the electric field PSD values taken over a 9 month period where used to derive expressions for the electric field diffusion coefficients using the approach outlined in [@b6] \[see also [@b17]\]. In order to determine these electric field diffusion coefficients, it was assumed that all of the ULF wave power resulted from *m* = 1 waves. This assumption is consistent with the typical results from ULF wave simulations \[[@b15]\] using the Lyon-Fedder-Mobarry magnetohydrodynamic code \[[@b30]\] which show that the *m* = 1 mode is usually dominant, with the spectra usually comprising low mode numbers less than 3.

In [@b38] expressions for electric field diffusion coefficients as functions of *Kp* or solar wind speed were derived based on over 15 years of ground magnetometer measurements at 7 different L shells. Expressions for the compressional magnetic field diffusion coefficient were also derived using 10 years of GOES magnetic field PSD measurements and the Active Magnetospheric Particle Tracer Explorers (AMPTE) magnetic field PSD measurements presented in [@b51]. However, the diffusion coefficient expressions presented in [@b38] are rather complex and difficult to implement in radial diffusion model simulations, requiring the use of large lookup tables to determine the coefficients. The [@b38] approach also assumed that the measured ULF wave magnetic and electric fields resulted from waves with a single azimuthal wave number, *m*.

In this paper we derive a simple analytic expression for the electric field diffusion coefficients based on the same ground magnetometer measurements presented in [@b38] which can be easily and analytically incorporated into radial diffusion models. In addition, we also derive a simple analytic expression for the magnetic field diffusion coefficients based on the same GOES magnetic field PSD measurements used in [@b38] with the addition of magnetic field PSD measurements taken from the five Time History of Events and Macroscale Interactions during Substorms (THEMIS) spacecraft.

2. Radial Diffusion Coefficients
================================

The radial diffusion equation expressed in terms of L shell is given by [equation (1)](#m1){ref-type="disp-formula"}

In [equation (1)](#m1){ref-type="disp-formula"} *f* represents the phase space density of the electrons, and it is assumed that the first and second adiabatic invariants, *M* and *J*, are conserved \[see [@b46]\]. The diffusion coefficient and the electron lifetime are represented by *D*~LL~ and *τ*, respectively.

The diffusion coefficient, *D*~LL~, is the sum of the diffusion coefficients due to the (assumed) uncorrelated azimuthal electric field and the compressional magnetic field perturbations, and , respectively \[see [@b38]\]. In a dipole magnetic field, the symmetric radial diffusion coefficients under drift resonance (where the electron drift speed matches the phase speed) due to these electric and magnetic field perturbations and can be expressed as follows:

\[see [@b6]; [@b17]\]. Here the constants *B~E~*, *R~E~*, and *q* represent the equatorial magnetic field strength at the surface of the Earth, the Earth\'s radius, and the electron charge, respectively. The relativistic correction factor, *γ*, is given by

Here *v* is the total speed of the electron and *c* is the speed of light. Of course, *v* does not remain constant but increases and decreases as the electrons diffuse radially inward and outward, respectively. *M* represents the first adiabatic invariant which depends on the electron\'s mass, *m*~*e*~, and the perpendicular momentum, *p*~⊥~; see [equation (4)](#m4){ref-type="disp-formula"}.

In [equations (2)](#m2){ref-type="disp-formula"} and [(3)](#m3){ref-type="disp-formula"} the terms and represent the PSD of the electric and magnetic field perturbations with azimuthal wave number, *m*, at wave frequency, *ω*, which satisfy the drift resonance condition given by [equation (6)](#m6){ref-type="disp-formula"}

Here *ω~d~* represents the bounce-averaged angular drift frequency of the electron \[see [@b49]; [@b6]\]. Since *ω~d~* is a function of the electron\'s energy and L shell, this introduces energy and L shell dependence into the PSD terms and in [equations (2)](#m2){ref-type="disp-formula"} and [(3)](#m3){ref-type="disp-formula"}.

3. Power Spectral Densities
===========================

3.1. Azimuthal Electric Field PSD Fits
--------------------------------------

In [@b38] the equatorial azimuthal electric field PSD values as a function of *Kp* are derived from ground D-component magnetometer measurements (allowing for assumed 90° polarization rotation through the ionosphere) taken at L shells from *L* = 2.55 to *L* = 7.94, using a similar mapping technique to that presented in [@b37] (see that paper for more details of the analysis procedure and the stations used). In *Ozeke et al.* \[[@b37], [@b38]\] the ground magnetic field, *b~g~*, was mapped to the ionospheric magnetic field *b~i~*, using the method outlined in [@b22], where

Here *k* is the horizontal wave number of wave at the ionosphere. In order to derive the expression in [equation (7)](#m7){ref-type="disp-formula"}, it was assumed in [@b22] that *k*^−1^ \< 100 km.

However, the ULF waves of interest here typically have *k*^−1^ \> 100 km and the mapping relationship between the ground and ionospheric magnetic fields presented in [@b22] shown in [equation (7)](#m7){ref-type="disp-formula"} is not appropriate for these waves. In this paper we use the method outlined in [@b18], where *k*^−1^ \> 100 km which increases the ground to ionospheric magnetic field mapping by a factor of 2, giving

A much more detailed approach for determining the relationship between the ground and ionospheric magnetic fields including the effects of an inductive ionosphere is also given in [@b56]. However, below frequencies of 10 mHz and *k*^−1^ \> 100 km the results given in [@b56] are consistent with [equation (8)](#m8){ref-type="disp-formula"}. This doubling of the ionospheric magnetic field *b~i~* mapped from the ground magnetic field *b~g~* causes the equatorial electric field PSD to be increased by a factor of 4 from the values in [@b38]\].

The new mapped equatorial azimuthal electric field PSD values derived from the database of ground D-component median PSD values as a function of *Kp* at each of the seven magnetometer stations used in [@b38] are illustrated by the circles in [Figure 1](#fig01){ref-type="fig"}. The dashed lines in [Figure 1](#fig01){ref-type="fig"} represent simple analytic fits to the median azimuthal electric field PSD values as a function of *Kp* and L shell given by [equation (9)](#m9){ref-type="disp-formula"}. The fits were produced by first calculating the mean value of the PSD at each of the L shell and *Kp* values shown in [Figure 1](#fig01){ref-type="fig"}. Next, the log10 of these mean PSD values was determined, and finally, using the method of least squares, these values were fit to linear functions of *Kp* and L shell.

![Azimuthal electric field PSD values derived from ground-based magnetometer measurements of the D-component magnetic field PSD at *L* = 7.94, 6.51, 5.40, 4.26, 4.21, 2.98, and 2.55. The dashed lines represent constant fits to these PSD values given by [equation (9)](#m9){ref-type="disp-formula"}.](jgra0119-1587-f1){#fig01}

The simple fit in [equation (9)](#m9){ref-type="disp-formula"}, although purely empirical in nature, is seen to provide a good representation of the electric field power across all *Kp* values and at all station *L* values, particularly those in the outer radiation belt region, from around *L* = 4 to *L* = 6.5. Hence, [equation (9)](#m9){ref-type="disp-formula"} provides an excellent analytic basis for including median ULF wave electric field power into radial diffusion coefficients. The mapped ULF wave electric field power is assumed in this fit to be independent of frequency (and hence electron energy under the action of drift resonant diffusion with fixed *m*) which is an especially good approximation for frequencies below around 6--7 mHz, and especially on L shells which span the outer radiation belt.

Here represents the sum of electric field wave power in all azimuthal wave number components and is in units of (mV/m)^2^/mHz.

3.2. Compressional Magnetic Field PSD Fits
------------------------------------------

In [@b38] GOES data were used at *L* = 6.6 for all *Kp*, and the L shell dependence of compressional ULF wave power at *Kp* = 2 observed by AMPTE and reported by [@b51] was assumed to apply for all *Kp*. In order to improve the representation of the magnetic diffusion coefficients presented in [@b38], a statistical database of compressional magnetic field PSD values as a function of *Kp* was further derived from THEMIS satellite measurements. The GOES compressional magnetic field PSD database binned with *Kp* is the same as that used in [@b38]\], which is consistent with the GOES compressional magnetic field PSD values shown in [@b21].

The THEMIS database was obtained by measuring the PSD using a fast Fourier transform applied to a 20 min Hanning window length of data and binning the PSD values with *Kp*. The PSD measurements were taken using each of the THEMIS A, B, C, D, and E spacecraft from 2007 to 2011, and the THEMIS Data Analysis Software was used to rotate the data into a field-aligned coordinate system so that the compressional magnetic field component PSD could be found. During the period of the 20 min window, the spacecraft passed through less than one L shell and the THEMIS magnetic field PSD results were hence determined at the median L shell during this 20 min window. These PSD values at the median L shells were then placed into bins of widths *L* = 7.5--6.5, *L* = 6.5--5.5, and *L* = 5.5--4.5 corresponding to *L* = 7, 6, and 5. Increasing the window length to 1 h did not significantly alter the resulting PSD values.

The THEMIS spacecraft are on elliptical orbits close to the magnetic equatorial plane having the greatest velocity on the lower L shells. The velocity of the spacecraft through the ULF waves introduces a Doppler effect which distorts the spacecraft-measured compressional magnetic field PSD on lower L shells; for this reason we limit our data to L shells from *L* = 7 to *L* = 5.

In [Figure 2](#fig02){ref-type="fig"} the median PSD values binned with *Kp* from the GOES and THEMIS statistical databases are represented by the circles. Due to the low number of THEMIS PSD measurements where *Kp* was greater than 4, we only show the THEMIS median PSD values for bins 1 *Kp* wide for *Kp* = 4 and below. One *Kp* width bins for higher *Kp* values are not statistically reliable due to the smaller number of counts during between 2007 and 2011 (cf. the 15 years of ground magnetometer data which are included in the statistics shown in [Figure 1](#fig01){ref-type="fig"}). The dashed lines in [Figure 2](#fig02){ref-type="fig"} represent analytic fits to the compressional magnetic field PSD values as expressed in [equation (10)](#m10){ref-type="disp-formula"}.

![Median THEMIS and GOES compressional magnetic field PSD binned with *Kp* are represented by the circles. The analytic PSD fits from [equation (10)](#m10){ref-type="disp-formula"} are represented by the dashed lines.](jgra0119-1587-f2){#fig02}

The analytic fits to the GOES and THEMIS median compressional magnetic field PSD values as a function of *Kp*, L shell, and frequency; *f* are expressed as

Here represents the compressional ULF wave power in all azimuthal wave number modes and in [(10)](#m10){ref-type="disp-formula"} is expressed in nT^2^/mHz, and where *f* is in megahertz. Here this fit assumes that the power spectra at any given *L* and *Kp* have a power law slope with an index of −2; [Figure 2](#fig02){ref-type="fig"} shows this to be a good approximation across all L shells, and all *Kp* values, especially below around 6--7 mHz. Note also that [(10)](#m10){ref-type="disp-formula"} shows that the *L* dependence of power is to a good approximation the same for all *Kp* values---which was the assumption made in [@b38] where the observed *Kp* = 2 *L* dependence of compressional ULF wave power seen by AMPTE was further assumed for all *Kp* values.

4. Analytic Expressions for the Diffusion Coefficients
======================================================

To derive analytic expressions for the diffusion coefficients, several assumptions about the measured electric and magnetic field PSD values have been made. First, we assume that all of the wave *m* values are positive (eastward propagating), since under symmetric drift resonance only positive wave *m* values contribute to resonant interactions and hence the diffusion coefficients; see equations [(2)](#m2){ref-type="disp-formula"} and [(3)](#m3){ref-type="disp-formula"}. Second, we assume that the measured PSD, *P*~total~, is the sum of the PSD\'s at each *m* value, *P*~*m*~, so that

Finally, we also assume that each PSD at a specific *m* value, *P*~*m*~, can be represented as some fraction, *a*~*m*~, of the measured PSD, *P*~total~, so that

The scale factors *a*~*m*~ are constants and are assumed to not depend on the wave frequency, *f*, or L shell. Of course, compressional modes such as waveguide modes may have turning points in *L* which do depend on frequency, and hence, this assumption is adopted for simplicity and tractability. Consequently, each specific *P*~*m*~ has the same L shell, frequency, and geomagnetic index (in this case *Kp*) dependence as *P*~total~. Where diffusion coefficients are driven by solar wind parameters such as solar wind speed \[cf., [@b43]\] a similar approach could be adopted. Equations [(11)](#m11){ref-type="disp-formula"} and [(12)](#m12){ref-type="disp-formula"} imply that the sum of the scale factors must hence equal unity

4.1. Compressional Magnetic Field Diffusion Coefficient
-------------------------------------------------------

The results presented in [Figure 2](#fig02){ref-type="fig"} and [equation (10)](#m10){ref-type="disp-formula"} show that the compressional magnetic field PSD, , can be approximated as a function of *Kp* and *L* multiplied by *f*^− 2^. However, *Kp* is not the only parameter which can be used to characterize ULF wave power. For example, [@b38] showed that the compressional magnetic field PSD, , may also be represented by functions of solar wind speed. To take into account the possibility that other parameters instead of *Kp* may also be used to characterize the wave power, we express more generally as

Here *I* can be a measure of the geomagnetic or solar (or solar wind) activity; in the case of [Figures 1](#fig01){ref-type="fig"} and [2](#fig02){ref-type="fig"}, *I* is represented by *Kp*, but this could also be solar wind speed \[cf. [@b38]\] or some other parameter. For example, in Section 5 we showed that in units of nT^2^/mHz can be expressed as a function of *Kp*, *L*, and frequency, *f*, in megahertz, as

An analytic expression for the magnetic diffusion coefficient can be derived by substituting [equation (15)](#m15){ref-type="disp-formula"} into [equation (3)](#m3){ref-type="disp-formula"} to give

The angular drift frequency, *ω*~*d*~, of 90° pitch angle radiation belt electrons in the equatorial plane of a dipole magnetic field is controlled by gradient drift and can be expressed as

Substituting [equation (18)](#m18){ref-type="disp-formula"} into [equation (17)](#m17){ref-type="disp-formula"} gives

Equation [(19)](#m19){ref-type="disp-formula"} illustrates that if the compressional magnetic field PSD at each wave *m* value varies  *f*^− 2^, as is shown to be a good approximation for the total PSD in [Figure 2](#fig02){ref-type="fig"} up to ∼8 mHz, as well as in [@b51] using AMPTE data, then the resulting magnetic diffusion coefficient produced by these ULF waves does not depend on the electrons *M* value (or energy). Instead, the diffusion coefficient only depends on the value of *B*~Total~(*L*,*I*), which can be found directly from spacecraft measurements of the PSD. For example, based on our fits to the GOES and THEMIS compressional magnetic field PSDs expressed in [equation (10)](#m10){ref-type="disp-formula"}, the magnetic diffusion coefficient in units of days^−1^ can be expressed analytically as

For frequencies above 8 mHz the assumption that the PSD at each wave *m* value varies ∝ *f*^− 2^ may no longer be valid, and at these high frequencies the magnetic diffusion coefficient may become a function of both wave *m* value and the electrons *M* value. However, in order for these \>8 mHz waves to satisfy the drift resonance condition and contribute to the diffusion of the particles, the waves must have an *m* value ≳ 10 or the electrons must have energies ≳ 5 MeV.

In [Figure 3](#fig03){ref-type="fig"} we show a comparison of our analytic magnetic diffusion coefficients (red line) with the magnetic diffusion coefficients derived directly from [equation (3)](#m3){ref-type="disp-formula"} using the GOES and THEMIS PSD measurements at *L* = 5, *L* = 6, *L* = 6.6, and *L* = 7 (squares and triangles) and using the compressional magnetic field PSD fits presented in [@b38] (dashed line). The diffusion coefficients represented by the green dashed lines (fits) and green squares (actual data) are derived assuming that all of the wave power is contained in *m* = 10 waves. Similarly, the diffusion coefficients represented by the red dashed lines (fits) and the red triangles (data) are derived assuming that all of the wave power is contained in *m* = 1 waves. The results in [Figure 3](#fig03){ref-type="fig"} show that our analytic diffusion coefficients (red line) are in close agreement with both the diffusion coefficients derived from the THEMIS and GOES measurements at *L* = 5, *L* = 6, *L* = 6.6, and *L* = 7, as well as the magnetic field diffusion coefficients presented in [@b38]. The new element here is the use of THEMIS data across *L* and for all *Kp*, rather than the [@b38] approach to interpolate the observed *Kp* power dependence at Geostationary Earth Orbit (GEO) to other L shells, based on the assumption that the *L* dependence of the AMPTE compressional ULF wave power at *Kp* = 2 applied at all *L* and all *Kp*. As shown in [(10)](#m10){ref-type="disp-formula"}, and in [Figure 3](#fig03){ref-type="fig"}, the [@b38] approach is in fact a rather a good approximation.

![Magnetic diffusion coefficients: The symbols represent magnetic diffusion coefficients derived directly from the THEMIS and GOES spacecraft PSD measurements assuming wave *m* values of *m* = 10 (squares) and *m* = 1 (triangles). The dashed green (*m* = 10) and blue (*m* = 1) lines represent the magnetic diffusion coefficients derived from the tabulated PSD fits in [@b38]. The solid red line represents the magnetic diffusion coefficients given by [equation (10)](#m10){ref-type="disp-formula"}.](jgra0119-1587-f3){#fig03}

4.2. Electric Field Diffusion Coefficient
-----------------------------------------

If we assume that the azimuthal electric field PSD, , in the equatorial plane of the magnetosphere is independent of frequency (seen to be a good approximation in [Figure 1](#fig01){ref-type="fig"}), depending only on the L shell and *I*, then we can write

For example, in section 3.1, [equation (9)](#m9){ref-type="disp-formula"} shows that in units of (mV/m)^2^/mHz can be expressed as a function of *Kp* and *L*. Substituting [equation (21)](#m21){ref-type="disp-formula"} into [equation (2)](#m2){ref-type="disp-formula"} gives

If the electric field PSD does not depend on frequency, then the resulting electric field diffusion coefficient produced by the ULF waves does not depend on the electrons *M* value. The electric field diffusion coefficients only depend on the (frequency independent) fits, *E*~Total~(*L*,*I*), to the total PSD, which can be derived from spacecraft measurements of the PSD \[e.g., [@b5]\] or inferred from ground magnetometer observations \[e.g., [@b43]; [@b38]\]. For example, based on our frequency independent fits to the electric field PSDs derived from the ground-based magnetometer measurements of the ULF waves illustrated in [equation (9)](#m9){ref-type="disp-formula"} and [Figure 1](#fig01){ref-type="fig"}, the electric diffusion coefficient in units of days^−1^ can be expressed analytically as

Here the scale factor of 2.156 × 10^− 8^ is required to give in units of days^−1^, where

[Figure 4](#fig04){ref-type="fig"} shows a comparison of our analytic electric diffusion coefficients (red line) with the exact values of the data-driven electric diffusion coefficients derived directly from [equation (2)](#m2){ref-type="disp-formula"} using the mapped ground-based magnetometer PSD measurements at *L* = 2.55, *L* = 2.98, *L* = 4.21, *L* = 4.26, *L* = 5.40, *L* = 6.51, and *L* = 7.94 (squares and triangles) and the fits to these mapped PSD values (dashed lines) from [@b38]. As discussed earlier, the mapping technique used here gives PSD values a factor of 4 larger than the mapped PSD values presented in [@b38]. Consequently, the electric field diffusion coefficients derived directly from our mapped PSD values shown by the square and triangle symbols in [Figure 4](#fig04){ref-type="fig"} are a factor of 4 greater than the electric field diffusion coefficients values presented in [@b38]. [Figures 3](#fig03){ref-type="fig"} and [4](#fig04){ref-type="fig"} also illustrate that the electric field diffusion coefficients are over a factor of 30 greater than the magnetic diffusion coefficients. This dominance of the electric over the magnetic diffusion coefficients was also shown in [@b38] and discussed further in [@b39].

![Electric diffusion coefficients: The symbols represent azimuthal electric field diffusion coefficients derived directly from the mapped ground PSD measurements (presented in [Figure 1](#fig01){ref-type="fig"}) and assuming wave *m* values of *m* = 10 (green squares) and *m* = 1 (blue triangles). The dashed green (*m* = 10) and blue (*m* = 1) lines represent the electric diffusion coefficients derived from the tabulated PSD fits in [@b38]. The red solid line represents the analytic electric field diffusion coefficients given by [equation (9)](#m9){ref-type="disp-formula"}.](jgra0119-1587-f4){#fig04}

4.3. Diffusion Coefficient Comparison
-------------------------------------

In [Figure 5](#fig05){ref-type="fig"} our analytic electric and magnetic field diffusion coefficients and are compared with the electromagnetic and electrostatic diffusion coefficients given in [@b4]. [Figure 5](#fig05){ref-type="fig"} illustrates that our term dominates over the term across all L shells and for all *Kp* values. However, in the [@b4] diffusion model both the and terms play an important role in the transport of radiation belt electrons. The term is the only diffusion coefficient which depends on the electrons *M* value, and for *M* values ≲ 100 MeV/G on L shells ≲ 3 the electrostatic term, dominates over the term. This *M* value dependence of produces rapid diffusion of electrons with *M* values \<100 MeV/G, which only reach energies of 1 MeV once they have been adiabatically transported down onto L shells ≲ 3.

![Comparison between our analytic electric and magnetic field diffusion coefficients, and , with the electromagnetic and electrostatic diffusion coefficients presented in [@b4]. The black solid, dashed, and dotted lines represent , , and , respectively. The solid red, blue, green, and cyan lines represent the electrostatic diffusion coefficient, , for electrons with *M* values of 20 MeV/G, 100 MeV/G, 500 MeV/G, and 2500 MeV/G, respectively. These *M* values correspond to a 1 MeV electron in a dipole model of the Earth\'s magnetic field at *L* = 1.84, 3.15, 5.38, 6.78, and 9.21, respectively.](jgra0119-1587-f5){#fig05}

Interestingly, the electromagnetic diffusion coefficients from [@b4] are only slightly higher than our values on L shells  3. This agreement is surprising since ≳ is derived using the method from [@b16] and only 1 month of ULF measurements, whereas is derived using the method from [@b6] \[see also [@b17]\], and over 15 years of ULF wave measurements.

5. Statistical Variation of PSD Values
======================================

One assumption which has been made in the derivation of our electric and magnetic field diffusion coefficients is that the median PSDs provide a good representation of the expected PSD values. Of course, during individual time periods, the observed ULF wave spectra are likely to be more structured than the median spectral profiles, and likely over short time periods not represented by simple power law variations. In using the median spectra to specify the diffusion coefficients, one makes the assumption that the empirical ULF wave power spectra provide a good approximation to the longer time scale ensemble effect of multiple individual packets of ULF wave power when averaged within the quasi-linear (diffusive) radial transport approximation. However, to investigate the variability of the spectra within individual *Kp* bins one can also examine structure of the upper and lower quartiles of the distributions, rather than the median, representing the fact that there is variation in the distribution of the actual magnetic and electric field PSD values during time intervals with a specific value of *Kp*. Consequently, at a particular point in time the accuracy of our analytic expressions for and derived from these median PSD values will depend to some degree on the variability of the ULF wave power within a given *Kp* bin, and on how close the actual PSD values at that moment in time are to the median PSD values. In order to quantify the distribution of the PSD values in a given *Kp* bin, we calculated the upper and lower quartile PSD values in each *Kp* bin.

5.1. In Situ Compressional Magnetic PSD Statistics
--------------------------------------------------

[Figure 6](#fig06){ref-type="fig"} illustrates the upper, lower, and median quartiles of compressional magnetic field PSD values binned with *Kp*, derived from our statistical database of 20 min data windows from GOES East and West data from 1996 to 2005. The solid blue, green, and black lines in [Figure 6](#fig06){ref-type="fig"}a represent the median compressional magnetic field PSD values from GOES East for *Kp* = 1, 3, and 6, respectively. The dashed lines above and below the solid lines represent the upper and lower quartile values, respectively. These results show that for *Kp* = 1, 3, and 6, the upper quartile and lower quartile PSD values are approximately a factor of 3 above and below the median PSD values. Significantly, they also show that the power spectral slope remains the same at the upper and lower quartiles as it is at the median and that *Kp* continues to nicely order the distributions. [Figure 6](#fig06){ref-type="fig"}b represents the ratio of the upper quartile PSD, median PSD, and lower quartile PSD values for *Kp* = 0, 1, 2, 3, 4, 5, and 6 for GOES East compressional wave power again showing clearly that the upper and lower quartile PSD values are approximately a factor of 3 above and below the median PSD values for all values of *Kp*. In the same format as [Figures 6](#fig06){ref-type="fig"}a and [6](#fig06){ref-type="fig"}b, the magnetic field PSD results taken from GOES West are illustrated in [Figures 6](#fig06){ref-type="fig"}c and [6](#fig06){ref-type="fig"}d, showing that the upper and lower quartile PSD values are again a factor of 3 above and below the median PSD values, respectively, independent of both *Kp* and frequency.

![(a) GOES East median (solid line) and upper and lower quartile (dashed lines) compressional magnetic field PSD for *Kp* = 1 (blue), *Kp* = 3 (green), and *Kp* = 6 (black); (b) GOES East PSD ratios of the upper quartile, median, and lower quartile showing a constant factor of 3 between quartiles independent of frequency and *Kp*; (c) Same format as [Figure 6](#fig06){ref-type="fig"}a for GOES West; (d) Same format as [Figure 6](#fig06){ref-type="fig"}b for GOES West.](jgra0119-1587-f6){#fig06}

The magnetic field diffusion coefficient is linearly dependent on the compressional magnetic field PSD as shown in [equation (3)](#m3){ref-type="disp-formula"}. Consequently, values corresponding to the upper and lower quartile PSD values can be approximated by increasing or decreasing our analytic expressional for given in [equation (20)](#m20){ref-type="disp-formula"} by a factor of 3, respectively. This gives an indication of the uncertainty within the empirically driven ULF wave diffusion model when it is driven by *Kp*, and which arises due to the range of ULF wave power which exists within a given *Kp* bin.

5.2. Ground Magnetometer PSD Statistics
---------------------------------------

The upper and lower quartile PSD values have also been determined from the database of hourly D-component magnetic field PSD binned with *Kp*, derived from ∼15 years of Canadian Array for Realtime Investigations of Magnetic Activity (CARISMA) and Sub-Auroral Magnetometer Network (SAMNET) ground magnetometer measurements. The solid blue, green, and black lines in [Figure 7](#fig07){ref-type="fig"}a illustrate median D-component PSD values for *Kp* = 1, 3, and 6, respectively, from the GILL station in the CARISMA array. The upper and lower quartile values are represented by the dashed lines above and below the solid lines. [Figure 7](#fig07){ref-type="fig"}b illustrates the ratio of the lower quartile, upper quartile, and median PSD values for *Kp* = 0, 1, 2, 3, 4, 5, and 6.The ratio of the lower quartile, upper quartile and median PSD values for *Kp* = 0, 1, 2, 3, 4, 5, and 6 at each of the other 7 CARISMA and SAMNET ground magnetometer stations from this study and from [@b38] (see that paper for more details) are also presented in [Figure 8](#fig08){ref-type="fig"}.

![(a) The median, upper quartile, and lower quartile D-component magnetic field PSD measured at GILL derived from our database of PSD values binned with *Kp*. The purple, green, and black curves illustrate the median PSD values for *Kp* = 1, *Kp* = 3, and *Kp* = 6, respectively. The dashed curves above and below the solid curves represent the upper and lower quartile values of the PSD. (b) The ratio of the upper and lower quartile and median PSD values for *Kp* values from 0 to 6.](jgra0119-1587-f7){#fig07}

![The ratio of the upper and lower quartile and median D-component magnetic field PSD values for *Kp* = 0, 1, 2, 3, 4, 5, and 6 at each of the remaining six selected ground magnetometer stations (data for GILL is shown in [Figure 6](#fig06){ref-type="fig"}).](jgra0119-1587-f8){#fig08}

Similar to the in situ GOES spacecraft measurements shown in [Figure 6](#fig06){ref-type="fig"}, the ground magnetometer D-component PSD statistics indicate that across all L shells and for all *Kp* values, the upper and lower quartile PSD values are approximately a factor of 3 above and below the median PSD values, as illustrated in [Figures 7](#fig07){ref-type="fig"} and [8](#fig08){ref-type="fig"}. Again, the data remain well-ordered by *Kp*. The equatorial electric field PSD values are proportional to the ground PSD values \[see [@b37], [@b38]\], and as shown in [equation (2)](#m2){ref-type="disp-formula"}, the electric field diffusion coefficients are proportional to the equatorial electric field PSD values. Consequently, the values are proportional to the ground PSD values, such that the upper and lower quartile PSD values can be approximated by increasing or decreasing our analytic expressions for given in [equation (23)](#m23){ref-type="disp-formula"} by a factor of 3, respectively.

6. Electron Flux Profiles From ULF Wave-Driven Radial Diffusion Model
=====================================================================

The PSD statistics presented in [Figures 6](#fig06){ref-type="fig"}, [7](#fig07){ref-type="fig"}, and [8](#fig08){ref-type="fig"} indicate that the lower and upper quartile PSD values are approximately a factor of 3 below and above the median PSD values, respectively. Since the diffusion coefficients are linearly proportional to the PSD values, multiplying the analytic expressions for the electric and magnetic field diffusion coefficient based on the median PSD values shown in equations [(20)](#m20){ref-type="disp-formula"} and [(23)](#m23){ref-type="disp-formula"} by a factor of 3 gives approximate expressions for the diffusion coefficients based on the upper quartile PSD values.

Similarly, dividing equations [(20)](#m20){ref-type="disp-formula"} and [(23)](#m23){ref-type="disp-formula"} by a factor of 3 gives approximate expressions for the diffusion coefficients based on the lower quartile PSD values. These expressions for the diffusion coefficients scaled up and down by a factor of 3 can be applied into data assimilation models of the radiation belts such as the DREAM model \[[@b25]\], where knowledge of the uncertainty in the physical parameters is included directly into the model using the Kalman filter algorithm.

[Figures 9](#fig09){ref-type="fig"}b and [10](#fig10){ref-type="fig"}b show a comparison of the 90° 0.976 MeV differential electron flux measured by the CRRES MEA instrument over a period of ∼90 days with the equatorial differential electron flux produced by solving [equation (1)](#m1){ref-type="disp-formula"}. Equation [(1)](#m1){ref-type="disp-formula"} is solved using our empirical expressions for the ULF wave-driven diffusion coefficients as a function of *Kp* based on the upper (Figures [9](#fig09){ref-type="fig"}c and [10](#fig10){ref-type="fig"}c), median (Figures [9](#fig09){ref-type="fig"}d and [10](#fig10){ref-type="fig"}d), and lower (Figures [9](#fig09){ref-type="fig"}e and [10](#fig10){ref-type="fig"}e) quartile PSD values. The values of the electron phase space density *f* at energies above and below 0.976 MeV at each point in the simulation from *L* = 7 to *L* = 1 were obtained by numerically solving [equation (1)](#m1){ref-type="disp-formula"} in a dipole magnetic field model. These electron phase space density values were converted into the 0.976 MeV equatorial differential electron flux *J*, using the relationship

![Comparison of the differential flux of 0.976 MeV electrons in 1990 measured by the CRRES Medium Electrons A (MEA) with those simulated using different diffusion coefficients and the electron lifetimes from [@b48] outside the plasmapause. Inside the plasmapause the electron lifetime is set to 10 days. (a) Time series of *Kp*; (b) CRRES MEA observed flux, with the plasmapause location represented by the white curve; (c) the diffusion model with 3 times higher *D*~LL~ values than the analytic diffusion coefficients shown in equations [(20)](#m20){ref-type="disp-formula"} and [(23)](#m23){ref-type="disp-formula"}, corresponding to the upper quartile PSD values; (d) the diffusion model with the analytic diffusion coefficient shown in equations [(20)](#m20){ref-type="disp-formula"} and [(23)](#m23){ref-type="disp-formula"} derived from the fits to the median PSD values; (e) the diffusion model with *D*~LL~ values 3 times lower than the analytic diffusion coefficients shown in equations [(20)](#m20){ref-type="disp-formula"} and [(23)](#m23){ref-type="disp-formula"}, corresponding to the lower quartile PSD values; (f) the diffusion model with the values from [@b4]; and (g) the diffusion model with the and values from [@b4].](jgra0119-1587-f9){#fig09}

![Comparison of the differential flux of 0.976 MeV electrons in 1990 measured by the CRRES MEA with those simulated using different diffusion coefficients. Outside the plasmapause the electron lifetimes are set to twice the values from [@b48], and inside the plasmapause the electron lifetime is set to 10 days. (a) Time series of *Kp*; (b) CRRES MEA observed flux, with the plasmapause location represented by the white curve; (c) the diffusion model with 3 times higher *D*~LL~ values than the analytic diffusion coefficients shown in equations [(20)](#m20){ref-type="disp-formula"} and [(23)](#m23){ref-type="disp-formula"}, corresponding to the upper quartile PSD values; (d) the diffusion model with the analytic diffusion coefficient shown in equations [(20)](#m20){ref-type="disp-formula"} and [(23)](#m23){ref-type="disp-formula"} derived from the fits to the median PSD values; (e) the diffusion model with *D*~LL~ values 3 times lower than the analytic diffusion coefficients shown in equations [(20)](#m20){ref-type="disp-formula"} and [(23)](#m23){ref-type="disp-formula"}, corresponding to the lower quartile PSD values; (f) the diffusion model with the values from [@b4]; and (g) the diffusion model with the and values from [@b4].](jgra0119-1587-f10){#fig10}

Here *E* and *p* are the kinetic energy and momentum of the electrons, respectively.

For comparison with the electron flux simulations derived using our and values we also calculate the electron flux using the electromagnetic diffusion coefficient (Figures [9](#fig09){ref-type="fig"}f and [10](#fig10){ref-type="fig"}f) and the sum of the electromagnetic plus the electrostatic diffusion coefficients (Figures [9](#fig09){ref-type="fig"}g and [10](#fig10){ref-type="fig"}g) taken from [@b4].

The outer boundary flux is specified at *L* = 7 from the CRRES MEA flux measurements at each of the MEA energy channels by taking the median electron flux value during each orbit over the time interval when the spacecraft is within 0.1 *R~E~* of *L* = 7. Examples of the electron flux used for the outer boundary condition over a 90 day period are illustrated in Figure [11](#fig11){ref-type="fig"}. Note that for times between CRRES apogees, the data are interpolated in the model to provide outer boundary conditions with the hourly resolution of the radial diffusion model runs. At the inner boundary *L* = 1 we set the electron flux to be 0, representing loss to the ionosphere. Analytic expressions for the electron lifetime, *τ* outside the plasmasphere as a function of *Kp*, L shell and energy are given in [@b48], and these electron lifetimes are used to produce the results presented in [Figure 9](#fig09){ref-type="fig"}. However, Y. Y. Shprits (personal communication, 2013) state that these electron lifetimes need to be multiplied by a factor of 2, and we use these corrected electron lifetimes in the simulations illustrated in Figure [10](#fig10){ref-type="fig"}. Inside the plasmasphere we set the electron lifetime, *τ*, to 10 days, which is the approach used in [@b47]. The plasmapause location is estimated using the approximation given in [@b8]. The electron flux simulations are driven purely by the time series of *Kp*, which is shown in [Figures 9](#fig09){ref-type="fig"}a and [10](#fig10){ref-type="fig"}a.

![Median electron flux measured by the CRRES MEA instrument within 0.1 *R~E~* of *L* = 7 during each orbit. The symbols represent the electron flux measured at each energy channel at 10 day time intervals over a period of 90 days.](jgra0119-1587-f11){#fig11}

The results in both [Figures 9](#fig09){ref-type="fig"} and [10](#fig10){ref-type="fig"} illustrate that the general features of the flux enhancements measured with the CRRES MEA are also very well reproduced in each of the diffusion simulations. [Figures 9](#fig09){ref-type="fig"}b and [10](#fig10){ref-type="fig"}b show that the inner edge of the outer radiation belt approximately follows the location of the plasmapause, as was also noted in [@b28]. At ∼245 days the location of the plasmapause sharply jumps upward from *L* ∼ 2 to *L* ∼ 5, and the corresponding measured inner edge of the outer radiation belt also moves upward during the same interval; see [Figures 9](#fig09){ref-type="fig"}b and [10](#fig10){ref-type="fig"}b. This rapid change in the flux as the plasmapause moves upward may indicate that the electron lifetime inside the plasmapause is short during this time interval causing the electron flux to rapidly decay in this region. However, the decrease in the electron flux inside the plasmapause at ∼245 days is not clearly shown in the simulations which may result from our assumed electron lifetime of 10 days inside the plasmapause being too long during this time interval. In future work, we will investigate what impact using different models for the electron lifetime has on the electron flux. However, this work is beyond the scope of this paper.

In general, the simulations in [Figures 9](#fig09){ref-type="fig"}c--[9](#fig09){ref-type="fig"}f and [10](#fig10){ref-type="fig"}c--[10](#fig10){ref-type="fig"}f show a flux enhancement penetrating inward to *L* ∼ 3 during days 235--260 and moving back up to *L* = 4 during days 260--285 before finally moving slightly inward again---as also seen observationally in the CRRES MEA data. The intensity of the flux enhancements depends to some degree on the choice of diffusion coefficient used. However, all simulations in [Figures 9](#fig09){ref-type="fig"}c--[9](#fig09){ref-type="fig"}f and [10](#fig10){ref-type="fig"}c--[10](#fig10){ref-type="fig"}f largely reproduce the qualitative structure seen by CRRES. Note also that there is also excellent quantitative agreement between the observed differential flux at 0.976 MeV and the results from the radial diffusion model---and no renormalization or other changes to the simulated flux have been applied. Given that the observed differential flux varies by more than 3 orders of magnitude, we consider this quantitative agreement to be rather impressive. In general, the measured electron flux values are between the electron flux values simulated using the upper and lower quartile PSDs. It is not unreasonable to hypothesize that there might be more ULF wave power at a given *Kp* during storm times than on average, which could explain the improved quantitative agreement using the PSD values greater than the median values. [Figures 9](#fig09){ref-type="fig"}f and [10](#fig10){ref-type="fig"}f also illustrate that using only the values from [@b4] and neglecting the term also produces an electron flux in good agreement with the measured flux. However, [Figures 9](#fig09){ref-type="fig"}g and [10](#fig10){ref-type="fig"}g illustrate that inclusion of both the and the terms enhance the electron flux on L shells ≲ 4, producing a flux \>100 times greater than that measured and shown in [Figures 9](#fig09){ref-type="fig"}b and [10](#fig10){ref-type="fig"}b \[see also [@b23]; [@b39]\].

7. Discussion and Conclusions
=============================

In this paper we have derived simple analytic expressions for both the electric (see [equation (23)](#m23){ref-type="disp-formula"}) and magnetic (see [equation (20)](#m20){ref-type="disp-formula"}) field radial diffusion coefficients based on observations of ULF wave power as a function of *L* and *Kp*. These can easily be incorporated in models of the Earth\'s radiation belts, and since we have shown that to a good approximation both the electric and magnetic diffusion coefficients are independent of first adiabatic invariant, they can also be very efficiently coded to produce models of differential flux as a function of *L* and time at fixed energy.

The empirical expressions presented here represent the median power spectral density (PSD) of the ULF waves and hence the median magnitude of the diffusion coefficients for a specific value of *Kp*. The actual value of the diffusion coefficients at a specific *Kp* value can of course vary from these median values. For example, in section 10 we showed that the diffusion coefficients derived from the upper and lower quartile PSD values are approximately a factor of 3 greater and lower than our analytic expressions for the diffusion coefficients based on the median, respectively. This simple scaling factor of 3 is remarkably constant across all L shells and *Kp* values, for both the electric and magnetic field diffusion coefficients, as illustrated in [Figures 6](#fig06){ref-type="fig"}, [7](#fig07){ref-type="fig"}, and [8](#fig08){ref-type="fig"}. Data from the quartiles can for example be used in data assimilation radiation belt models where knowing the uncertainties in the physics-based modules can be valuable for the filtering steps (e.g., within the SALAMMBO \[[@b55]\] model; S. Bourdaire (discussion at the AGU Chapman conference on Dynamics of the Earth\'s Radiation Belts and Inner Magnetosphere, personal communication, 2011). For 50% of the time the ULF electric and magnetic diffusion coefficients will lie between these upper and lower quartile values. However, for the other 50% of time the diffusion coefficients will be outside the range given by the upper and lower quartile values. For the comparison of model results with CRRES differential flux data at 1 MeV, the best agreement (qualitatively and quantitatively) was obtained using the upper quartile results---which might be explained physically if the larger wave power is generated at a specific *Kp* during storms which cause belt enhancements. Nonetheless, given that the differential electron flux in the outer belt varies by orders of magnitude, and there is only a factor of 3 difference in diffusion coefficient magnitude between either upper or lower quartile and the median, the agreement in model belt morphology (cf. [Figures 9](#fig09){ref-type="fig"} and [10](#fig10){ref-type="fig"}) remains quite good for all three (upper, lower quartile, and median) representations of *Kp*-driven ULF wave radial diffusion coefficient.

Interestingly, there are significant physical implications for the structure of the outer radiation belt due to the first invariant independence of the radial diffusion coefficients we have shown here. Indeed, given this *M* independence of the diffusion coefficients, it is obvious in the context of radial transport that the time dependence of the energy spectra and differential flux of the source population at the outer boundary play a critical role in determining the structure of the belts. This is especially true if the belts are observed to have (*L* time) structure which varies with energy. Figure [11](#fig11){ref-type="fig"} shows the differential energy spectra at *L* = 7 used to drive the radial diffusion results shown in [Figures 9](#fig09){ref-type="fig"} and [10](#fig10){ref-type="fig"}. In Figure [11](#fig11){ref-type="fig"} the CRRES energy spectra are shown every 10 days to illustrate the variability in the outer boundary condition which results in the model 0.976 MeV electron differential flux profiles in [Figures 9](#fig09){ref-type="fig"} and [10](#fig10){ref-type="fig"}. Of course, any transport and acceleration will also be competing with loss processes which themselves can also have strong energy, L shell, and activity (e.g., *Kp*) dependence.

In [Figures 9](#fig09){ref-type="fig"} and [10](#fig10){ref-type="fig"}, which includes the empirical *L*, energy and *Kp*-dependent loss outside the plasmapause arising from chorus waves based on [@b48], there is excellent agreement between the belt structure produced by radial transport using the *Kp*-driven radial diffusion coefficients presented here and the CRRES observations at around 1 MeV. This points to the potential importance of the diffusion coefficient model and suggests it might provide excellent utility when incorporated into the radial diffusion modules of radiation belt models. It is also interesting to note that at 1 MeV, and on this 90 day time scale, there is good agreement between the model and the data especially in relation to belt activations and the location of the inner boundary of the belt. This is despite the fact that the radial diffusion model does not explicitly include any local acceleration source such as might arise from resonance with lower band VLF chorus \[e.g., [@b35]; [@b9]\]. The model results also do not include any effects from magnetopause shadowing and resulting outward radial diffusion \[e.g., [@b29]; [@b53]\]. In future developments of the model, such shadowing losses, based, for example, on a solar wind parameter-driven location of the magnetopause, could also be incorporated. This might further improve the agreement between the model and the CRRES observations at the outer edge of the belt especially during time periods which rely on interpolation between the observed spectra at the outer boundary condition, for example, in between CRRES apogees in the time period shown in [Figures 9](#fig09){ref-type="fig"} and [10](#fig10){ref-type="fig"}.

An alternative approach to using empirical *Kp* dependence of the ULF wave-driven radial diffusion coefficients is to use the observed ULF wave power seen during specific storm intervals as a function of *L* to determine the coefficients again using equations [(2)](#m2){ref-type="disp-formula"} and [(3)](#m3){ref-type="disp-formula"}. This might represent an alternative, potentially more accurate, approach for modeling diffusion coefficient values over a specific interval of time. In situ measurements of the ULF wave PSD measured by a single satellite only provide the PSD at a single L shell at each point in time. To determine the required PSD as a function of L shell at each point in time would require the deployment of multisatellite constellations in the magnetic equatorial plane measuring the spatial and temporal variations of the ULF wave PSD, as discussed in [@b5]. Alternatively, ground magnetometer networks can be used to measure the spatial and temporal variations in the PSD on the ground and these values can then be mapped into space to give the required electric field PSD values in the magnetic equatorial plane as a function of L shell at each point in time. This approach might provide more accurate values for the electric field diffusion coefficients than those based on the median or the upper and lower quartile PSD values from our statistical database of PSD values binned with *Kp*. However, this approach cannot be used to determine the compressional magnetic field diffusion coefficients since there is no established method for determining the compressional magnetic field PSD in the equatorial plane from ground magnetometer measurements.

In [@b39] the electron flux was determined by solving the diffusion equation with and with . However, as described by these authors, is much smaller than , such that can generally be neglected in comparison to to very good accuracy. These results presented by [@b39] indicated that the electron flux can be accurately simulated using only the electric field radial diffusion coefficient and that inclusion of had negligible effect on the electron flux \[see [@b39], [Figure 6](#fig06){ref-type="fig"}\]. The neglect of the magnetic diffusion term in comparison to the electric field term determined from data by *Ozeke et al.* \[[@b38], [@b39]\] is also in agreement with the same conclusion drawn by [@b52] using model results from the Lyon-Fedder-Mobarry magnetohydrodynamic code \[[@b30]\]. Interestingly, from a practical perspective, this also provides a pragmatic solution to the problem also discussed by [@b39] that if the electric and magnetic fields in the ULF wave modes which are driving diffusion are correlated, for example, through Faraday\'s Law, then there could potentially be a violation of the [@b6] assumption that the fields are uncorrelated and hence that the diffusion terms can be combined additively \[see also [@b40], [@b41]\]. However, since we have shown here that the magnetic term can be neglected, accurate diffusion runs can be completed using only the electric field diffusion term presented here in [equation (23)](#m23){ref-type="disp-formula"}.

In future work, we intend to compare the electron differential flux observed during storm events with that derived using a radial diffusion model driven using the empirical ULF wave-derived diffusion coefficients presented here. This can also be compared to the diffusion derived using observed electric field PSD values derived from actual ground magnetometer magnetic field PSD measurements, and where available also derived from satellite electric field observations. We believe that the analytic empirical diffusion coefficient expressions presented here allow for differences between the upper and lower quartile PSD values and the median to be included in data assimilation models and represent a significant improvement over using the diffusion coefficients presented in [@b4] which are currently used in almost all radiation belt models. Moreover, using the improved ULF wave radial diffusion coefficients we have presented here in radiation belt models is now particularly important as we strive to understand the dominant physical mechanisms which are responsible for relativistic electron flux variability through model comparisons with the in situ measurements from the recently launched NASA Van Allen Probes mission \[e.g., [@b44]\].
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